In this paper, an interesting and new bifurcation phenomenon that limit cycles could be bifurcated from nilpotent node (focus) by changing its stability was investigated. It is different from lowing its multiplicity in order to get limit cycles. We prove that n 2 + n − 1 limit cycles could be bifurcated by this way for 2n + 1 degree system. Moreover, this upper bound could be reached. At last, we give two examples to show that N (3) = 1 and N (5) = 5.
Introduction and Preliminary Knowledge
One of the most intriguing aspects of the dynamics of real planar polynomial vector fields is the close relationship between the center conditions and bifurcation of limit cycle. Bifurcation of limit cycle from a high-order critical point in plane is becoming more and more important, there have been many results about this problem. The Bogdanov Takens bifurcation from saddle-node point was discussed by Xiao and Zhan and De * This research was partially supported by the National Natural Science Foundation of China Maesschalck, see [Xiao D., 2007 , Xiao D., 2008 , De Maesschalck P, Dumortier F., 2011 and [Tang Y, Zhang W., 2004] , bifurcation of limit cycle from degenerate critical point was investigated by Han, see [Han M, Yu P., 2012] . Especially, there were many results about bifurcations of limit cycles from nilpotent critical point, see [Lyapunov,A.M.,1966 , Takens,1974 , Moussu,1982 , Strozyna and Zoladek,2002 ,Álvarez and Gasull, 2005 and [Álvarez and Gasull, 2006 , Han M, Jiang J, Zhu H., 2008 , Han M, Romanovski V G., 2012 , Liu-Li, 2009a , Liu-Li, 2009b , Liu-Li, 2011a , Liu-Li, 2011b ].
The following planar real systems
whose functions of right hand are analytic at the neighborhood of origin will be discussed in this paper. The linear parts of (1.1) has double zero eigenvalues but the matrix of the linearized system of (1.1) at the origin is not identically null. The origin O(0, 0) is called a nilpotent singular point. [Liu Y.R., 1999] gave the definition of the multiplicity of the point for
if the crossing number of P (x, y) = 0 and Q(x, y) = 0 at (x 0 , y 0 ) is N, then the point (x 0 , y 0 ) is called a N-multiple singular point of (1.3), N is called the multiplicity of the point (x 0 , y 0 ).
From Definition 2.1 in [Liu-Li, 2011a ], we have
, then the multiplicity of the origin is a N-multiple singular point of (1.1).
A high order singular point could be broken into some low order singular point (real or complex) by a small parameters perturbation. Now, we consider the perturbed system of (1.1) and (1.2)
where ε = (ε 1 , ε 2 , · · · , ε l ) is a finite dimension small parameters, h(x, y, ε) and g(x, y, ε)
are power series of (x, y, ε) with nonzero convergence radius, and h(x, y, 0) = g(x, y, 0) = 0. From Theorem 1 in [Liu Y.R., 1999] and Theorem 2.1 in [Liu-Li, 2011a] , it is easy to get the following theorem.
Theorem 1.1. Suppose the origin of system (1.1) ( or (1.2)) is a N-multiple singular point, then when ||ε|| << 1 , the sum of multiplicity of all complex singular point in the sufficiently small neighborhood of origin of (1.3) ( or (1.4)) is exactly N . example 1.1. From Proposition 1.1, the multiplicity of the nilpotent origin of system
is exactly N , A = 0, g(x, y) is analytic in the neighborhood of origin. When ||ε|| ≪ 1, there are m critical points (ε k , 0) in the neighborhood of origin of system
and their multiplicity are l k , k = 1, 2, · · · , m, where
Theorem 1.2. Suppose the index of the origin of system (1.1) ( or (1.2)) is k, then when ||ε|| << 1, the sum of index of all real singular point in the sufficient small neighborhood of origin of (1.3) ( or (1.4))is exactly k.
Liu etc gave the following definitions in order to compute Lyapunov constant in [Liu-Li-Huang, 2008] .
If for an integer m, there exist polynomials with respect to a ij
Then, we say that f m and g m is algebraic equivalent, written by f m ∼ g m . If for any integer m, we have f m ∼ g m , we say that the sequences of functions {f m } and {g m } are algebraic equivalent, written by {f m } ∼ {g m }.
The authors have proved that a nilpotent-node (nilpotent-focus) point with multiplicity 2m+1 could be broken into a nilpotent-node (nilpotent-focus) with multiplicity 2m−1 and two complex singular points by a small parameters perturbation in [Liu-Li, 2011a] .
If the stability at the element focus and nilpotent singular point is different, limit cycle will be bifurcated out from sufficiently small neighborhood of the element focus. In this paper, bifurcation of limit cycles from a nilpotent-node (nilpotent-focus) point will be investigated by changing the stability of the nilpotent-node (nilpotent-focus) point when the multiplicity is not decreased. It is different from [Liu-Li, 2011a] .
Stability and bifurcation of limit cycle at nilpotent node (focus)
Using theorem proved in [Zhifen Zhang-1985] , we have Proposition 2.1. Suppose that the function y = y(x) satisfies Φ(x, y(x)) = 0, y(0) = 0, and
where n, m are positive integers, then the origin of (1.1) is a nilpotent-node (nilpotentfocus) point with multiplicity 2m + 1, and the origin to be a nilpotent-node if and only if one of the following conditions is satisfied:
C 2 : 2n = m, α 2m+1 < 0, β 
namely it is stable when β 2n < 0 and unstable when β 2n > 0.
Proof. From the discussions in [Takens,1974] and [Álvarez and Gasull, 2006] , under conditions in theorem 2.1, system (1.1) could be transformed into Liénard system
by the following analytic changes 5) where g(u) is analytic at u = 0, and
So the conclusion in Theorem 2.1 holds.
The Theorem 2.1 leads to the following theorem Theorem 2.2. Suppose that the function y = y(x) satisfies Φ(x, y(x)) = 0, y(0) = 0, and
where n, m are positive integers, then there exist n − 1 limit cycles in the neighborhood of origin of system (1.1) when
example 2.1. From Theorem 2.2, when (2.8) holds, there exist n − 1 limit cycles in the neighborhood of origin of system
Suppose O is a nilpotent-node of system
we denote the number of limit cycles which could be bifurcated from origin of (2.10) by changing the stability of the nilpotent-node point when the multiplicity is not decreased by N (2n + 1). It is easy to know that multiplicity of the nilpotent-node point O is no more than (2n + 1) 2 from Bezout theorem and definition 1.1. Combining with 2.1, we could get Theorem 2.3.
We will give two examples in Section 3 and Section 4 to show that the upper bound is arrival when n = 1, n = 2 in (2.11), namely N (3) = 1, N (5) = 5.
N(3)=1
In this section, we will prove that N (3) = 1. Considering the following cubic system dx dt = y + x 2 + ε 2 y 2 + ε 2 x 2 y − xy 2 + εy 3 = X(x, y),
(3.1)
For system (3.1), a solution for X(x, y(x)) = 0, y(0) = 0 is
From (3.3) , β 2 = 2ε, β 4 = −7, α 9 = −2 < 0, then ∆ = β 2 4 + 20α 9 = 9 > 0 when ε = 0, theorem 2.2 shows that Theorem 3.1. The origin of (3.1) is a nilpotent-node point of multiplicity 9, and there is a limit cycle in the neighborhood of origin of system (3.1) when 0 < ε ≪ 1.
4
N (2) = 5
In this section, we will prove that the upper bound could be reached when n = 2. A class of Z 2 quintic system with 25-multiple nilpotent node O(0, 0) then the origin of system (4.1) is a nilpotent-node point with multiplicity 25, when 0 < ε 1 ≪ ε 2 ≪ ε 3 ≪ ε 4 ≪ ε 5 ≪ 1, (4.7)
there exist 5 limit cycles in the neighborhood of system (4.1).
Proof. From (4.5), β 25 < 0 when (4.6) and (4.6) hold, and β 2 = −ε 1 , β 4 ∼ 3ε 2 , β 6 ∼ −21ε 3 , β 8 ∼ 6ε 4 , So the conclusion in 4.1 hold from theorem 2.2.
